In this paper we present new fixed point results for general compact absorbing type contractions in new extension spaces.
Introduction
In Section 2 we present new Lefschetz fixed point theorems for multivalued maps in extension type spaces. In particular for extension spaces of type GN ES, GAN ES, GM N ES and GM AN ES and for maps which are general compact absorbing contractions or general approximative compact absorbing contractions. These results improve those in the literature; see [1-3, 5-6, 8-11, 14-19] and the references therein. Our results were motivated in part from ideas in [2, 3, 9, [11] [12] [16] [17] [18] [19] .
For a subset K of a topological space X, we denote by Cov X (K) the set of all coverings of K by open sets of X (usually we write Cov (K) = Cov X (K)). Given a map F : X → 2 X (nonempty subsets of X) and α ∈ Cov (X), a point x ∈ X is said to be an α-fixed point of F if there exists a member U ∈ α such that x ∈ U and F (x) ∩ U = ∅. Given two maps single valued f, g : X → Y and α ∈ Cov (Y ), f and g are said to be α-close if for any x ∈ X there exists U x ∈ α containing both f (x) and g(x). We say f and g are α-homotopic if there is a homotopy h h : X → Y (0 ≤ t ≤ 1) joining f and g such that for each x ∈ X the values h t (x) belong to a common U x ∈ α for all t ∈ [0, 1].
The following result can be found in [4, Lemma 1.2 and 4.7] . Theorem 1.1. Let X be a regular topological space and F : X → 2 X an upper semicontinuous map with closed values. Suppose there exists a cofinal family of coverings θ ⊆ Cov X (F (X)) such that F has an α-fixed point for every α ∈ θ. Then F has a fixed point.
Remark 1.2. From Theorem 1.1 in proving the existence of fixed points in uniform spaces for upper semicontinuous compact maps with closed values (see [16, 17] ) it suffices [5 pp. 298 ] to prove the existence of approximate fixed points (since open covers of a compact set A admit refinements of the form {U [x] :
x ∈ A} where U is a member of the uniformity [13 pp. 199 ] so such refinements form a cofinal family of open covers). Note also uniform spaces are regular (in fact completely regular) [7 pp . 431] (see also [7 pp. 434] ). Note in Theorem 1.1 if F is compact valued then the assumption that X is regular can be removed.
Let X, Y and Γ be Hausdorff topological spaces. A continuous single valued map p : Γ → X is called a Vietoris map (written p : Γ ⇒ X) if the following two conditions are satisfied: (i). for each x ∈ X, the set p −1 (x) is acyclic (ii) . p is a perfect map i.e. p is closed and for every x ∈ X the set p −1 (x) is nonempty and compact.
Let D(X, Y ) be the set of all pairs X p ⇐ Γ q → Y where p is a Vietoris map and q is continuous. We will denote every such diagram by (p, q). Given two diagrams (p, q) and (p , q ), where
The equivalence class of a diagram (p, q) ∈ D(X, Y ) with respect to ∼ is denoted by
and is called a morphism from X to Y . We let M (X, Y ) be the set of all such morphisms.
Consider vector spaces over a field K. Let E be a vector space and f : E → E an endomorphism. Now let N (f ) = {x ∈ E : f (n) (x) = 0 for some n} where f (n) is the n th iterate of f , and letẼ = E\ N (f ). Since f (N (f )) ⊆ N (f ) we have the induced endomorphismf :Ẽ →Ẽ. We call f admissible if dimẼ < ∞; for such f we define the generalized trace T r(f ) of f by putting T r(f ) = tr(f ) where tr stands for the ordinary trace.
Let f = {f q } : E → E be an endomorphism of degree zero of a graded vector space E = {E q }. We call f a Leray endomorphism if (i). all f q are admissible and (ii). almost allẼ q are trivial. For such f we define the generalized Lefschetz number Λ(f ) by
Let H be theCech homology functor with compact carriers and coefficients in the field of rational numbers K from the category of Hausdorff topological spaces and continuous maps to the category of graded vector spaces and linear maps of degree zero. Thus H(X) = {H q (X)} is a graded vector space, H q (X) being the q-dimensionalCech homology group with compact carriers of X. For a continuous map
WithCech homology functor extended to a category of morphisms (see [10 pp . 364]) we have the following well known result (note the homology functor H extends over this category i.e. for a morphism
Recall the following result [8 pp. 227 ]. 
Let φ : X → Y be a multivalued map (note for each x ∈ X we assume φ(x) is a nonempty subset of Y ). A pair (p, q) of single valued continuous maps of the form
Definition 1.4. A upper semicontinuous map φ : X → Y is said to be strongly admissible [9, 10] (and we write φ ∈ Ads(X, Y )) provided there exists a selected pair (p, q) of φ with φ(x) = q (p −1 (x)) for x ∈ X. Definition 1.5. A map φ ∈ Ads(X, X) is said to be a Lefschetz map if for each selected pair (p, q) ⊂ φ with φ(x) = q (p −1 (x)) for x ∈ X the linear map q p −1 : H(X) → H(X) (the existence of p −1 follows from the Vietoris Theorem) is a Leray endomorphism.
When we talk about φ ∈ Ads it is assumed that we are also considering a specified selected pair (p, q) of φ with φ(x) = q (p −1 (x)). Remark 1.6. In fact since we specify the pair (p, q) of φ it is enough to say φ is a Lefschetz map if φ = q p −1 : H(X) → H(X) is a Leray endomorphism. However for the examples of φ, X known in the literature [9] the more restrictive condition in Definition 1.2 works. We note [9, pp 227] that φ does not depend on the choice of diagram from [(p, q)], so in fact we could specify the morphism.
If φ : X → X is a Lefschetz map as described above then we define the Lefschetz number (see [9, 10] 
If we do not wish to specify the selected pair (p, q) of φ then we would consider the Lefschetz set
Definition 1.7. A Hausdorff topological space X is said to be a Lefschetz space (for the class Ads) provided every compact φ ∈ Ads(X, X) is a Lefschetz map and Λ(φ) = 0 implies φ has a fixed point. If φ : X → X is a Lefschetz map, we define the Lefschetz set Λ (φ) (or Λ X (φ)) by
Definition 1.10. A Hausdorff topological space X is said to be a Lefschetz space (for the class Ad) provided every compact φ ∈ Ad(X, X) is a Lefschetz map and Λ(φ) = {0} implies φ has a fixed point. 
Asymptotic Fixed Point Theory
By a space we mean a Hausdorff topological space. Let X be a space and F ∈ Ad(X, X). We say X ∈ GN ES (w.r.t. Ad) if there exists a Lefschetz space (for the class Ad) U , a single valued continuous map r : U → X and a compact valued map Φ ∈ Ad(X, U ) with r Φ = id X . Remark 2.1. This corrects a slight inaccuracy in the definition in [16] for Ad maps (this was corrected in [17] ). In fact the definition in [16] is correct provided we restate (see below) the main result in [16] . In [16] we say X ∈ GN ES (w.r.t. Ad and F ) (here X is a space and F ∈ Ad(X, X)) if there exists a Lefschetz space (for the class Ad) U , a single valued continuous map r : U → K and a compact valued map Φ ∈ Ad(K, U ) with r Φ = id K (here K = F (X)). Note for any selected pair (p, q) of
The proof in [16] (the reasoning is word for word the same as in [16] 
Let X ∈ GN ES (w.r.t. Ad) and F ∈ Ad(X, X) a compact map. Let (p, q) be a selected pair for F . In [16] we showed (the proof is word for word the same as in [16] with K replaced by X in one place (there K = F (X))) that q p −1 is a Leray endomorphism and so Λ (F ) is well defined. In addition we showed if Λ (F ) = {0} then F has a fixed point.
Remark 2.2. From the proof in [16] we see that we can replace the condition that U is a Lefschetz space with the assumption that the compact map Φ F r ∈ Ad(U, U ) is a Lefschetz map and Λ(Φ F r) = {0} implies Φ F r has a fixed point.
Let X be a Hausdorff topological space. A map F ∈ Ad(X, X) is said to be a general compact absorbing contraction (written F ∈ GCAC(X, X) or F ∈ GCAC(X)) if there exists Y ⊆ X such that For example a single valued generalized compact absorbing contraction with respect to h as defined in [3, 11] and the obvious extension to admissible maps are particular examples of generalized compact absorbing contractions in this paper; for admissible maps the obvious extension of a generalized compact absorbing contraction with respect to G (here G ∈ Ad(X, X)) is if (iii) above is replaced by: for every compact K ⊂ X there exists an integer n = n K such that
) and there exists a selected pair (α, β) of G such that
Theorem 2.5. Let X be a Hausdorff topological space and F ∈ GCAC(X, X). Then Λ (F ) is well defined and if Λ (F ) = {0} then F has a fixed point.
Proof. Let Y be as described above. Let (p, q) be a selected pair for F so in particular q p −1 (Y ) ⊆ F (Y ). Consider F | Y and let q , p : p −1 (Y ) → Y be given by p (u) = p(u) and q (u) = q(u). Notice (p , q ) is a selected pair for F | Y . Now since Y ∈ GN ES (w.r.t. Ad) then as mentioned above q (p ) −1 is a Leray endomorphism. Now (iii) and [9, Property 11.8, pp 53] guarantees that q (p ) −1 is a Leray endomorphism and Λ (q (p ) −1 ) = 0. Also [9, Property 11.5, pp 52] guarantees that q p −1 is a Leray endomorphism (with Λ (q p −1 ) = Λ (q (p ) −1 )) so Λ (F ) is well defined.
Next suppose Λ (F ) = {0}. Then there exists a selected pair (p, q) of F with Λ (q p −1 ) = 0. Let (p , q ) be as described above with Λ (q p −1 ) = Λ (q (p ) −1 ). Then Λ (q (p ) −1 ) = 0 so since Y ∈ GN ES (w.r.t. Ad) there exists x ∈ Y with x ∈ F | Y (x) i.e. x ∈ F x.
Let X be a space and F ∈ Ad(X, X). We say X ∈ GAN ES (w.r.t. Ad) if for each α ∈ Cov X (X) there exists a Lefschetz space (for the class Ad) U α , a single valued continuous map r α : U α → X and a compact valued map Φ α ∈ Ad(X, U α ) such that r α Φ α : X → X and i : X → X are α-close (by this we mean for each x ∈ X there exists V x ∈ α with r α Φ α (x) ∈ V x and x = i(x) ∈ V x ) and α-homotopic. Remark 2.6. This corrects a slight inaccuracy in the definition in [16] for Ad maps (this was corrected in [17] ). In fact the definition in [16] is correct provided we restate (see below) the main result in [16] . In [16] we say X ∈ GAN ES (w.r.t. Ad and F ) (here X is a space and F ∈ Ad(X, X)) if for each α ∈ Cov X (K) (here K = F (X)) there exists a Lefschetz space (for the class Ad) U α , a single valued continuous map r α : U α → K and a compact valued map Φ α ∈ Ad(K, U α ) such that r α Φ α : K → K and i : K → K are α-close (by this we mean for each x ∈ K there exists V x ∈ α with r α Φ α (x) ∈ V x and x = i(x) ∈ V x ) and α-homotopic. The proof in [16] (the reasoning is word for word the same as in [16] except F is replaced by F | K and E = K ) immediately guarantees that if X ∈ GAN ES (w.r.t. Ad and F ) is a uniform space and F | K is compact then if (α, β) is a selected pair for F | K then β α −1 is a Leray endomorphism and so Λ (F | K ) is well defined. In addition if Λ (F | K ) = {0} then F | K has a fixed point. Also we note that in the definition of GAN ES (w.r.t. Ad and F ), F ∈ Ad(X, X) could be replaced by
Now assume X ∈ GAN ES (w.r.t. Ad) is a uniform space and F ∈ Ad(X, X) is a compact map. Let (p, q) be a selected pair for F . In [16] we showed (the proof is word for word the same as in [16] with F (X) replaced by X) that q p −1 is a Leray endomorphism and so Λ (F ) is well defined. In addition we showed if Λ (F ) = {0} then F has a fixed point.
Remark 2.7. From the proof in [16] we see that we can replace the condition that U α is a Lefschetz space for each α ∈ Cov X (X) with the assumption that for each α ∈ Cov X (X) the compact map Φ α F r α ∈ Ad(U α , U α ) is a Lefschetz map and Λ(Φ α F r α ) = {0} implies Φ α F r α has a fixed point.
Remark 2.8. In the definition of GAN ES (w.r.t. Ad) it is easy to see (see [16] ) that one could replace the assumption that r α Φ α : X → X and i : X → X are α-close and α-homotopic with the assumption that r α Φ α : X → 2 X and i : X → X are strongly α-close (by this we mean for each x ∈ X there exists V x ∈ α with r α Φ α (x) ⊆ V x and x = i(x) ∈ V x ) and (r α ) (q 1 α ) (p 1 α ) −1 = i for any selected pair (p 1 α , q 1 α ) of Φ α . Also as in Remark 2.5 in the definition of GAN ES (w.r.t. Ad and F ) it is easy to see that one could replace the assumption that r α Φ α : K → K and i : K → K are α-close and α-homotopic with the assumption that r α Φ α : K → 2 K and i : K → K are strongly α-close (by this we mean for each x ∈ K there exists V x ∈ α with r α Φ α (x) ⊆ V x and x = i(x) ∈ V x ) and (r α ) (
Let X be a Hausdorff topological space. A map F ∈ Ad(X, X) is said to be a general approximative compact absorbing contraction (written F ∈ GACAC(X, X) or F ∈ GACAC(X)) if there exists Y ⊆ X such that The same reasoning as in Theorem 2.5 establishes the following result (the only difference in the proof is that GN ES is replaced by GAN ES in two places).
Theorem 2.9. Let X be a Hausdorff topological space and F ∈ GACAC(X, X). Then Λ (F ) is well defined and if Λ (F ) = {0} then F has a fixed point. Now we discuss a more general situation considered in [17] . Let X be a space and F ∈ Ad(X, X). We say X ∈ GM N ES (w.r.t. Ad and F ) if there exists a Lefschetz space (for the class Ad) U , a compact map Φ ∈ Ad(U, X), a compact valued map Ψ ∈ Ad(X, U ) with Φ Ψ (x) ⊆ F (x) for x ∈ X, and such that if (p, q) is a selected pair of F then there exists a selected pair (p 1 , q 1 ) of Φ and a selected pair (p , q ) of Ψ with (q 1 ) (p 1 ) −1 (q ) (p ) −1 = q p −1 . Now assume X ∈ GM N ES (w.r.t. Ad and F ) and F ∈ Ad(X, X). Let (p, q) be a selected pair for F . In [17] we showed that q p −1 is a Leray endomorphism and so Λ (F ) is well defined. In addition we showed if Λ (F ) = {0} then F has a fixed point.
Remark 2.10. From the proof in [17] we see that we can replace the condition that U is a Lefschetz space with the assumption that the compact map Ψ Φ ∈ Ad(U, U ) is a Lefschetz map and Λ(Ψ Φ) = {0} implies Ψ Φ has a fixed point.
Remark 2.11. Suppose we change the above definition as follows. We say X ∈ GM N ES (w.r.t. Ad and F ) (here X is a space and F ∈ Ad(X, X)) if there exists a Lefschetz space (for the class Ad) U , a compact map Φ ∈ Ad(U, K), a compact valued map Ψ ∈ Ad(K, U ) with Φ Ψ (x) ⊆ F (x) for x ∈ K (here K = F (X)), and such that if (p, q) is a selected pair of F | K then there exists a selected pair (p 1 , q 1 ) of Φ and a selected pair (p , q ) of Ψ with (q 1 ) (p 1 ) −1 (q ) (p ) −1 = q p −1 . The proof in [17] (the reasoning is word for word the same as in [17] except F is replaced by F | K and E = K ) immediately guarantees that if X ∈ GM N ES (w.r.t. Ad and F ) then if (α, β) is a selected pair for F | K then β α −1 is a Leray endomorphism and so Λ (F | K ) is well defined. In addition if Λ (F | K ) = {0} then F | K has a fixed point. Also we note that in the definition of GM N ES (w.r.t. Ad and F ), F ∈ Ad(X, X) could be replaced by
Let X be a Hausdorff topological space. A map F ∈ Ad(X, X) is said to be a general absorbing contraction (written F ∈ GAC(X, X) or F ∈ GAC(X)) if there exists Y ⊆ X such that Theorem 2.12. Let X be a Hausdorff topological space and F ∈ GAC(X, X). Then Λ (F ) is well defined and if Λ (F ) = {0} then F has a fixed point.
Proof. Let Y be as described above. Let (p, q) be a selected pair for F . Consider F | Y and let q , p : p −1 (Y ) → Y be given by p (u) = p(u) and q (u) = q(u). Now since Y ∈ GM N ES (w.r.t. Ad and F | Y ) then q (p ) −1 is a Leray endomorphism. Now (iii) guarantees that q (p ) −1 is a Leray endomorphism and Λ (q (p ) −1 ) = 0. Thus q p −1 is a Leray endomorphism (with Λ (q p −1 ) = Λ (q (p ) −1 )) so Λ (F ) is well defined. Next suppose Λ (F ) = {0}. Then there exists a selected pair (p, q) of F with Λ (q p −1 ) = 0. Let (p , q ) be as described above with Λ (q p −1 ) = Λ (q (p ) −1 ). Then Λ (q (p ) −1 ) = 0 so since Y ∈ GM N ES (w.r.t. Ad and F | Y ) there exists x ∈ Y with x ∈ F | Y (x) i.e. x ∈ F x. Let X be a space and F ∈ Ad(X, X). We say X ∈ GM AN ES (w.r.t. Ad and F ) if for each α ∈ Cov X (X) there exists a Lefschetz space (for the class Ad) U α , a compact map Φ α ∈ Ad(U α , X), a compact valued map Ψ α ∈ Ad(X, U α ) such that for each x ∈ U α and y ∈ Φ α (x) with x ∈ Ψ α (y) there exists U x,y ∈ α with y ∈ U x,y and F (y)∩U x,y = ∅ and such that if (p, q) is a selected pair of F then there exists a selected pair (p 1,α , q 1,α ) of Φ α and a selected pair (p α , q α ) of Ψ α with (q 1,α ) (p 1,α ) −1 (q α ) (p α ) −1 = q p −1 .
